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The mechanism of stochastic electron acceleration in colliding laser waves is investigated by em-
ploying proper canonical variables and effective time, such that the new Hamiltonian becomes time
independent when the perturbative (weaker) laser wave is absent. The performed analytical anal-
ysis clearly reveals the physical picture of stochastic electron dynamics. It shows that when the
amplitude of the perturbative laser field exceeds some critical value, stochastic electron acceleration
occurs within some electron energy range. The conditions, at which the maximum electron energy
gained under stochastic acceleration is greatly exceeding the ponderomotive energy scaling based
on the amplitude of the dominant laser, are derived.
The electron dynamics in counter-propagating laser
waves [1–3] has attracted a great deal of interest, and
the stochastic acceleration was thought to be the rea-
son for high energized electron tails observed in laser-
plasma interaction [4–10]. However, due to the multi-
dimensional spatio-temporal characteristics of the laser
waves and strong nonlinearity of the dynamics of rela-
tivistic electrons in these waves, the analytic investiga-
tions of stochastic electron acceleration in the colliding
laser waves in earlier studies have been limited to either
non-relativistic case [4, 5] or the stochastic instability
near the separatrices using quite complicated multidi-
mensional Hamiltonian approach [6, 7, 11]. Although the
numerical simulations [8, 9] shed some light on the crite-
rion for stochasticity, their results are only valid within
simulated parameter range. Thus, more complete theo-
retical analysis is needed to have a better understanding
of the mechanism of stochastic electron acceleration in
the course of electron interactions with laser pulses.
In this letter, we will examine the electron dynamics
in multiple laser waves by employing the Hamiltonian
approach with the proper choices of canonical variables
and time, such that the Hamiltonian is time independent
in zero-order approximation [12]. Following [6–9], we will
be focused on the case where one of the laser waves is
much stronger than others, which could be considered as
a perturbation.
To simplify the expressions, in what follows we will
use dimensionless variables, where r is normalized by the
dominant laser wavenumber (k) and t by kc with c being
the speed of light in vacuum. The normalized parameter
of laser wave, which can be described by vector potential
A, is eA/mc2, where −e and m are the electron charge
and mass. In the normalized variables, we take e = m =
c = 1.
We assume that the dominant laser wave propagates
along z direction and is described by the vector poten-
tial of A(vpt− z), which is arbitrarily polarized in x and
y directions (here vp is the phase velocity). For gener-
ality, we consider the perturbed laser wave propagating
in the (y, z) plane, determined by the vector potential of
A1(vpt+ycosφ+zsinφ), where φ is the angle between the
perturbative laser propagation direction and y-axis; and
A1 can have three components in x, y, and z directions,
but A1y/A1z = −tanφ to ensure the orthogonality be-
tween the polarization and propagation directions. Then
the electron dynamics can be described by the Hamilto-
nian:
H ≡ γ = [1 + (P+A+A1)]
1/2 , (1)
where γ is the relativistic factor and P = γv −A −A1
is the canonical momentum. Although this Hamiltonian
was widely used [6, 7, 11], the analyses of electron dy-
namics accounting for both dominant and perturbative
lasers were quite complicated and often incomplete.
We start our analysis with finding the proper canonical
variables, Hamiltonian and effective time, such that the
new Hamiltonian will be time independent when the per-
turbation is absent (A1 = 0). Taking into account that
forA1 = 0 the combination γ−vpPz is conserved, it could
be considered as a candidate for the new Hamiltonian,
while the phase of the dominant laser wave η = vpt−z can
be taken as one new canonical variable. It is easy to show
that for the laser fieldA(vpt−z)+A1(vpt+ycosφ+zsinφ)
the canonical momentum Px is conserved so that the
Hamiltonian in Eq. (1) is effectively two dimensional.
Then, if we treat (η, y) as new canonical coordinates and
assume that the corresponding canonical momenta are
(χη, χy), while the new Hamiltonian and time are H and
τ , the canonical transformation from the point view of
least action principle [13] requires that
C(Pzdz + Pydy −Hdt) = χηdη + χydy −Hdτ, (2)
where C is a constant given that the Lagrangian is not
unique. The natural choice of τ is τ = vpt + zsinφ.
Substituting τ and η into Eq. (2) we find χη = −(γsinφ+
vpPz), χy = vp(1 + sinφ)Py, and H = γ − vpPz for C =
vp(1 + sinφ). However, for convenience, we will take
χη = +(γsinφ+ vpPz), which is equivalent to choosing η
as canonical momentum while treating χη as a canonical
coordinate. Then the electron dynamics can be described
byH(χη, y, η, χy, τ), which in the new canonical variables
can be found from Eqs. (1, 2).
For the head-on colliding laser waves (φ = pi/2), χy
is a constant. As a result, we have the following 3/2
2dimensional (3/2D) Hamiltonian equations
dχ
dτ
=
∂H
∂η
, and
dη
dτ
= −
∂H
∂χ
, (3)
where χ ≡ χη = γ + vpPz and the Hamiltonian is
H(χ, η, τ) =
2vp
v2p − 1
√
χ2 + (v2p − 1)P
2
⊥
−
v2p + 1
v2p − 1
χ, (4)
with P 2
⊥
= 1 +
∑
i=x,y
[
P¯i + Ai(η) +A1i(τ)
]2
and P¯i
(i = x, y) are the conserved canonical momentum. This
3/2D Hamiltonian, which can also be obtained from the
electron equations of motion, will greatly simplify our
analysis in comparison with the multidimensional Hamil-
tonian [6, 7] based on Eq. (1).
For simplicity and without losing the physics behind
stochastic acceleration, in the following we consider the
luminal case vp = 1, P¯x = P¯y = 0 and two planar laser
waves linearly polarized in the same direction, e.g., A =
asin(η)ex and A1 = a1sin(k1τ)ex assuming a1 ≪ a,
where k1 is the ratio of the perturbative laser frequency
(or wavenumber) to that of the dominant one. Then, the
Hamiltonian in Eq. (4) degenerates to
H =
1 + [asin(η) + a1sin(k1τ)]
2
χ
. (5)
For the unperturbed problem (a1 = 0), the Hamilto-
nian in Eqs. (4, 5) is conserved and from Eqs. (3, 5) we
find the following implicit dependence η(τ) (we note that
η increases with τ):
τ =
2 + a2
4H2
[
2η −
a2sin(2η)
2 + a2
]
+ const., (6)
and the frequency of unperturbed oscillation of electron
canonical coordinate χ:
ω =
2pi
T
=
4H2
2 + a2
, (7)
where T = τ(η = pi) − τ(η = 0) is the period of electron
oscillation.
From Hamiltonian in Eq. (5) it follows that in the
presence of the perturbative laser wave but for ω > k1,
the electron motion is adiabatic and no electron accel-
eration is possible. However, when ω ≪ k1 the unper-
turbed electron motion could resonate with the pertur-
bative laser, mω = k1 (where m is the harmonics of un-
perturbed electron motion), and for the case of overlap-
ping of the separatrices of neighbouring resonant islands,
K¯ = (δω + δω′)/2∆ω > 1, where δω and δω′ are their
widths and ∆ω is the distance between them, stochastic
heating occurs [14]. However, in what follows, we will
examine the condition for an onset of stochasticity for
the case ω/k1 ≪ 1 by using equivalent, but more conve-
nient Chirikov-like mapping [15] deduced from electron
equations of motion.
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FIG. 1. Schematic view of electron trajectories (upper panel)
and diffusion of Hamiltonian (lower panel) for a = 5 and
a1 = 0.1.
Before doing that, let us consider qualitative features
of electron dynamics by exploring the Hamiltonian in
Eq. (5). Noticing that the Hamiltonian in Eq. (5) has
similar structure to that for electron in the laser and
quasi-static electric fields considered in [16], we find that,
for relativistic case a > 1, unperturbed (or weakly per-
turbed) electron trajectories have characteristics of zig-
zag time dependence of canonical coordinate χ (e.g., see
the upper panel of Fig. 1). This feature of electron trajec-
tories enables a long tail of the distribution of the ampli-
tude of m-harmonics, making high-m island overlapping
and, therefore, stochastic electron motion possible. Also,
from Eq. (5) it follows that the strongest impact, “kicks”,
on both H and canonical variables by the perturbative
laser occurs at a very short time near the local minimum
of χ (corresponding to η ≈ npi with n being an integer,
e.g., see Fig.1), where the phase between electron and
backward laser wave is locally minimized. Except these
short periods of time τ where η ≈ npi, the electron “sees”
only the fast phase change of the backward laser wave due
to large χ = γ + Pz and, therefore, undergoes adiabatic
oscillation.
In the following, the Chirikov-like mapping is formed
by using the Hamiltonian Hn and time τn, when the elec-
tron passes through the nonadiabatic region of η ≈ npi.
Such mapping corresponds to the Poincare´ section of elec-
tron crossing the effectively “fixed” canonical momentum
(η) plane. Let’s assume that the change of the Hamil-
tonian due to each nonadiabatic interaction of electron
with the perturbative wave (“kicks”) is smaller than the
Hamiltonian itself, i.e., ∆H = |Hn+1 −Hn| ≪ Hn, such
that the unperturbed electron trajectoryHn(η, χ) can be
used to estimate the variation of Hamiltonian [17]
∆Hn ≡ Hn+1 −Hn =
∫
η≈npi
∂H
∂τ
dτ. (8)
Under the condition of a1 ≪ a, we could keep the leading
3term of ∂H/∂τ = 2aa1k1sin(η)cos(k1τ)/χ. The fact that
the main contribution to Hamiltonian variation is from
η ≈ npi enables us to do the expansion of the integrand
in Eq. (8) with respect to η − npi. Therefore, we have
∆Hn
Hn
= 2(−1)na1β
1/2sin(k1τn) (9)
×
∫
∞
−∞
η˜sin
(
βη˜ +
1
3
η˜3
)
dη˜,
where η˜ = (η−npi)/α, α = (H2n/k1a
2)1/3 ∼ (ω/k1)
1/3 ≪
1, and β = (k1/H
2
na)
2/3. It should be noted that the fast
oscillation for η˜ >˜1 justifies the extension of the integra-
tion limits to infinity. We also see that the nonadiabatic
interaction of electron motion with backward laser occurs
at |η − npi| < α≪ 1 (|η˜|<˜1).
The integral in Eq. (9) could be expressed with the
derivative of Airy function, Ai′(β), so we have
∆Hn = 4(−1)
n+1pia1β
1/2Ai′(β)Hnsin(ψn), (10)
where ψ ≡ k1τn. Taking into account the properties
of the Airy function, it follows that the requirement of
∆H < Hn is always satisfied for a1<˜1.
The time interval between two consecutive kicks is
equal to the period of the unperturbed electron oscil-
lation and thus the corresponding phase interval is de-
termined by the Hamiltonian:
∆ψn ≡ ψn+1 − ψn = k1T =
pik1(2 + a
2)
2H2n+1
. (11)
As a result, rearranging Eqs. (10, 11) could form sym-
plectic mapping conserving phase volume. However, we
are interested in the condition for stochasticity, which
could be obtained just from Eqs. (10, 11), and reads as
K =
∣∣∣∣ d∆ψndHn+1
d∆Hn
dψn
∣∣∣∣ >˜1, (12)
where local instability leads to the mixing in phase space.
If we disregard the region of phase ψ where chaos ap-
pears, we arrive at
K = 4pi2aa1(2 + a
2)β2|Ai′(β)|>˜1. (13)
A similar result can be obtained from the point of view of
resonance overlapping, where one can show that K ≈ K¯2
[14].
Introducing the function f(β) = 4pi2β2|Ai′(β)|, we find
that f(β) increases with β as
f(β) ≈ pi2β2, (14)
for β < 1; reaches maximum, fmax ≈ 8.83, at β = βs ≈
1.68; and then falls exponentially at β > βs [18]:
f(β) ≈ 2pi3/2β9/4exp
[
−(2/3)β3/2
]
. (15)
As a result, from Eq. (13) we find that stochastic accel-
eration is only possible for a1 > as, where
as =
f−1max
a(2 + a2)
≈
0.11
a(2 + a2)
. (16)
We notice that the threshold in Eq. (16) is quite different
from those in [6, 8]. The reason for this is that our anal-
ysis allows for finding the most stochastically “unstable”
range of H (and corresponding electron kinetic energy)
and, therefore, gives an exact threshold value of a1 for
the stochasticity onset.
However, for a1 only slightly larger than as, the
stochastic acceleration occurs only within a narrow re-
gion in the vicinity of H ≈ Hs (β ≈ βs), where
Hs ≈ 0.68
(
k1
a
)1/2
. (17)
For a1 ≫ as stochastic acceleration becomes possible
within the range of H : Hmin < H < Hmax, where the
lower boundary of stochasticity is due to the exponential
decay of the width of resonant islands, whereas the upper
one is because the distance between the neighboring res-
onant islands increases faster than their widths. Hmax
and Hmin could be found by using asymptotic expres-
sions (14, 15) of the function f(β). However, we notice
that the inequalities a≫ a1 ≫ as could be only satisfied
for a≫ 1, under which we obtain:
Hmin ≈
Hs√
1.6 + 0.69ln (a1/as)
, (18)
and
Hmax ≈ 1.5
(
a1
as
)3/8
Hs. (19)
However, we are interested in the gain of maximum
electron kinetic energy, γmax, which can be expressed in
the terms of H as follows:
γmax ≡
χ+H
2
≈
1
2
(
Ep
H
+H
)
, (20)
where Ep = 1+a
2 is twice the ponderomotive scaling for
electron energy gain in the dominant laser wave. As we
see from Eq. (20), γmax can significantly exceed the pon-
deromotive scaling Ep/2 either for Hmin < 1 (which cor-
responds to the electron moving along with the dominant
laser wave) or for Hmax > Ep (where the electron moves
along with the perturbative laser). By using expressions
(18, 19) and neglecting numerical factors order of unity,
we find that the energy of electrons moving along with
dominant laser radiation exceeds the ponderomotive scal-
ing for the case k1 < a and reaches γmax ∼ Ep(a/k1)
1/2.
Whereas the energy of electrons moving along with the
perturbative laser could exceed the ponderomotive scal-
ing for the case k1 > a
2 > 1 and (a2/k1)
4/3 < a1/a < 1,
where γmax ∼ Ep(k1/a
2)1/2(a1/a)
3/8. We notice that
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FIG. 2. Poincare´ mappings of (a) (H,∆ψ) and (b) (γ,∆ψ) of
electron when η = npi + pi/2 for a = 5, a1 = 0.1, and k1 = 1,
where ∆ψ ≡ ψ − [ψ/pi]pi.
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FIG. 3. Poincare´ mappings of (a) (H,∆ψ) and (b) (γ,∆ψ) of
electron when η = npi+pi/2 for a = 3, a1 = 0.3, and k1 = 100
with the same definition of ∆ψ with Fig. 2.
Hmin and, therefore, corresponding value of γmax have
a weak logarithmic dependence on the ratio a1/as > 1.
Moreover, for the case a−2 < k1 < a and (a
2k1)
−4/3 <
a1/a < 1, we have Hmin < 1 < Hmax and Hamiltonian
H ∼ 1, corresponding to an initially stationary electron,
is in the stochastic region. As a result, the stochastic
acceleration of an electron, being initially at rest, to ki-
netic energy exceeding Ep is possible and such energetic
electron will move along with dominant laser radiation.
Otherwise, initial acceleration of an electron in the di-
rection along with (for as/a < a1/a < (k1a
2)−4/3 and
k1 < a) or opposite to (for k1 > a) the dominant laser
propagation is necessary to reach the stochastic region
for further acceleration.
Coming back to the expression (13), we observe that
for β < βs, K increases with increasing β (which for
Hmin < 1 corresponds to increasing electron energy).
It explains the results of numerical simulations from [8],
which demonstrated that the preacceleration of electrons
reduces the stochastic threshold value of a1 (e.g., see Fig.
3(b) in [8]).
To verify the results of our analytic consideration, we
integrate Eqs. (3, 5) numerically. The results of numer-
ical simulations are presented in the Poincare´ maps of
(H , ψ) and the corresponding (γ, ψ) when η = npi+pi/2.
The results for a = 5, a1 = 0.1, and k1 = 1 are dis-
played in Fig. 2, where k1 < a is satisfied and thus
γmax ≈ Ep/2Hmin. As one can see, a stochastic “sea” is
bounded by the KAM invariant [14] at Hmin and Hmax,
which are, respectively, Hmin ≈ 0.132 and Hmax ≈ 2.92,
and fully agree with Eqs. (18) and (19). Therefore, the
maximum stochastic kinetic energy (γmax), which is in-
sensitive to a1 as proven in the simulations, is approx-
imately seven times (1/Hmin) larger than that without
the backward wave (Ep/2). In Fig. 3 we show the results
for a = 3, a1 = 0.3, and k1 = 100, where Hmin ≈ 1.87
and Hmax ≈ 37.5 are, respectively, in agreement with
Eq. (18) and (19). For such large value of k1 > a
2,
we see that the maximum stochastic energy satisfies
γmax ≈ Hmax/2 > Ep/2.
In conclusion, we consider electron dynamics in the
fields of colliding laser beams. We show that the proper
choice of canonical variables and effective time, such that
the new Hamiltonian is conserved for electrons in a dom-
inant laser field, greatly simplifies analytical treatment of
the problem. For example, for the case of counter propa-
gating planar laser beams and dominant laser with rela-
tivistic intensity, a > 1, such approach allows an exhaus-
tive analytic analysis of electron dynamics. We find that
for the amplitude a1 of a weaker laser (a1 < a) exceeding
the threshold value in Eq. (16), stochastic acceleration of
electrons becomes possible within some range of electron
kinetic energy. Maximum electron kinetic energy, which
could be gained under stochastic acceleration, signifi-
cantly exceeds the ponderomotive scaling for the domi-
nant laser when the ratio, k1, of perturbative to dominant
laser frequencies is relatively small k1 < a (in this case,
energetic electrons move in the direction of the propaga-
tion of the dominant laser beam) and for large k1, such
that k1 > a
2 > 1, providing that (a2/k1)
4/3 < a1/a < 1
(where energetic electrons move in the direction of the
propagation of the perturbative laser beam). The results
of numerical simulations, shown in Fig. 2 and Fig. 3, are
in a very good agreement with the findings from our an-
alytic theory. We notice that the approach presented in
this letter could be applied to many other cases including
electron dynamics in the laser and quasi-stationary elec-
tromagnetic fields, in intense laser and Langmuir waves,
etc.
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